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Four Assumptions About Invariance in Perception

James E. Cutting
Cornell Undversity

The termi fnmerigrce hiad becomne evore ceniral to current views of perception. |
take this as a good frend, but ihe term s rooted in mathematics, and its use in
perceplion beings with il & host of asumptions that have geserally been unex-
aminesl. The parpose of this article is 10 sfate some of thess assumptions and
s their valudity, with ihe bope that we can cortinoe o find the term useful
while acknewdedping its mbiations. The assumptions discussed are that {a) math-
ematics 15 an appropoate deseriplive language for perceplon, (b mathematical
truths are transportable info pereeption withoul change of meaning, (¢) mathe-
matice] imposts are wislul in explaining percepibon, and (d) pereepiual invariants,
like therr mathematical counterparts, are abteoluie and ot subpsct o threshold

considerations,

1 inveerioms of the energy flux an ihe recepiors of an
afgansam ¢xis, and il these mvariants correspossd 1o
e permanenl propertic: of the environment, and if
hey are (e basis af (he organism’s perocpiion of the
environment inseead of the sensory data on which we
e thomght it based, then | ilink ihere @ Bow suppon
for realiem in cpistemology ae well &2 for a nes theory
of perception in pavehobogy, | sy be woong, b one
wuy i find out 1s 62 cobmii this thesis 0 ericigism,
iCaihsnn, 1967, o B52)

Heraclitus thoaght the workd was ever changing;
Parmenades thought i1 ever constant, In truth the
world seems 1o be some of both, There are those
things that change, sometimes called the wariems,
am thess thit do not, sommetimes callad imariens,
From mathematics we get the wlea that certan
aspects of an object or event can be constant even
winile gthers are changing: Such things are sumd 1o
he imvariant wnder fransformation. As sugpesied
in ihe guols shove, Gibson chamqpioned this idea
within paychology, and particulardy within wisual
perception. In recent yewrs, this idea has ==n in-
creasing popularity, and there are, [ think, good
peasoid fior this upsurge. But underlying the cogent
slatermenl given abdwve are many asmomplions
aboul invarance. In this amcle, [ investigale four
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of these, Since the term fmwarianee 1s mathematical
in origin, and since & peychalogists we use it o
hieckster gur ideas under the asgis af the Queen
of the Sciences, the four mssumptions discusse]
heere deal with the intersection of mathematics and
peErcepLion.

The current importance of the concept of in-
vATianes in perception is, of course, dus to Gibson.
The conceps’s use in perceptual theory, hosever,
is much older, Congider, for example, the fillosing
passage from Helmholiz in his work, The Fects
of Percepwion (18TRA971):

T ehould 12, mow, 1 reurn o the discussson ol the
st fandamental Facts of percoption, As we hiss
sewn, wi Bl only Bave charging scose oo
which come 1o us withoul our doing anvibing: we also
percuive while we are being active o moving about.
. . . Each mowement we make by whdch we alier the
appearanoe of obects thould be thought of &3 an ex-
periment desagned B0 teet whether we have understood
carrectly the invament relations of the phenomena
bofore ws, that 58, ther existence in defindle spatial
rolatioms.” {p. 364)

! The appearance of the berm Germartadf here i due in
part 1o transiation. The seme phrese @ raoslaed in
Cohen amd Wartofsky (1977, po 138) a8 “lawlike beleay-
jior” In a similar manper Cassarer (1936871944, @ 10
tramslated by Gurwitsch) quoted Kate as follows: *The
idea of invariance, which i an epistemological peolilemy
of walidity of the foremost importance, hag one af its
roois, andl perbaps the mos sulritive ose, in the pey-
chology of percepitbon.™ But in s different iranslaton of
Katz (1935, p. 185; irasalaied by MacLeod and Fox),
the same statemenl appekrs a5 fodlows: “The concept of
‘comstancy, which involves an episiemplogical problem
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Although Hedmholtz zaid mch more than thes,
here pt least be has cleardy promoded the idea of
an active orgnnssm exploring the invarianis of an
obgect or event undergoing transformations cansad
by exploration, That the notion of invarianis was
erucial to Helmholtz has not been lost to studenis
of peroeption (Baird, 1970, p, 287; Cassirer, [938/
1944; Hochberg, 1974, p. 33, 197%, p. 103} In
fact, Hochberg (1981, p. 129) suggested that un-
der normal conditions of pereeiving, the pesitions
of Helmboltz amd Gibson are nol distinguishable,
and that Helmboliz and odhers, such as Mill, were
very much comcermed with invariants for percep-
o,

Indeed, the idea of invariance appears in the
ool chest of nearly every percepiual twsosist. For
exnmple, Koffka used the term in many contexis,
In Principles of Gestall Poyohology (Koffka, 1933),
he quoted bimsell and analyzed the concepd of
avartance 4% he understoand it

“{hn the west side of Lake Cayega, 8 coaple of Busdred

fzet oo s aboree ils level, pands & public buikding on

u wide lmen that slamts slightly vownrds 1he lake, Tix

everyone this building seems o be tilved in & direction

weny from the lale in a most mriking manmes”
[Similarly] when we look through the window of

[2] moundain railway carrizge, this window becomes

waur spatinl framewark and appears, thevefore, in nod-

mal henzeaial-verticl orentation. The comiouars of
the chjects sen through the window do not inbersect
the sash 81 nghl angles. Thevefore, il the sish is seen

RS horizonczl, these ohjects cannol be seen 2% vertical.

v oo« M cme silcks ong's lesd outl of the window, [a]

telegraph pode will 300 look vertical; when then, with-

ol loming sighk of ik, one withdraws tbe bead. the wce-

graph pole will stlll sppesr vertbeal dnd the windows,

e whale carniege, tilied. One fectorn in ibese fwa &l-

uaticns = imvariowt, the angle betwesn ground aid

[il. L

It & easy o apply the same principhe 1o 1he house

oo the wesiern shores of Cayuga waiers, The big lawn

here pranades the base, and therefore heaks level. Com-

mm;mﬂxhﬂm gy it miest appear tiled, (pp

In other words, the ground is scen as invariably
horizontal, and the building thercfore appears
tilied. Teo things are imporiant here, First, Kofks
(1935, pp. 73=105) had a strong influence on Gib-
son, particularly in his question "“Why do things

differently than Helmboltz and Gitson did. Gomse
is the ddea thad aspects of the environment are
invariant wnder fremiformarion. [avariants Ffor

of the greatest importamce, has perhaps its most impor-
tamt raat in the psychology of perception."” Wht shoald
be clear, then, is that ihe conceps of invarianes has. been
around a lomg tinse, but thet the particular erm is sabhec
to the probless of trasmslston,
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Koffka are comstancies withoul any particular
mathematical implication.?

Gibson (1967}, who was quoted in the intro-
duction 10 this article, suggested that the concept
af invarmance in percepdion  necessarily  brings
forth a new theory of perception, What is clear,
bivwever, 15 thal this theory of perceplion is not
whally new. What is mew to Gitson i the Rull
cmplasis on percepaual invarianis, and the deem-
phasic on conceplual elaboration. Such a view
contravencs Helmboltz's unconscioons mference
and Koffka's (1935, p. 80) analysis of the non-
structure preserving mapping from distal io prox-
imal stimulus and From proximal stmulos Lo per-
cept (see also Epstein, 1977; Hochberg, 1981a).

Imi his bk, The Percepiion ofthe Fisua! World,
Gibsom {1950} introduced the concept of invari-
ance that wis to influence his later work. It iz in-
teresting thad he used the concept very little in that
work [pp. 153<154) and only when he discussed
a pm*u:.-ula: invariant from prupcr.wl: BEG
the cross ratio. It mﬂmml['l‘?ﬂj in his *"Yisual

& Invariance,” who picked this idea
out af Gilson's {1950) work and emphasized its
imponance. Boring was strongly influenced by
Stevens's (1951, pp. 19=21) discussion of invari-
ance a5 an bdea that (s central 1o all sclentific en-
deavor (see also Cohen, 1931 Wignes, 1967
Meanwhile, the concept of invariance appeared
in the literature i & of Gibson (e, All-
port, 1955, pp, 607, 657, Luechins & Luchins,
1464}, Cibson was working on the idea of invari-
ants throughout that period (Gibson, 1958; Gib-
son, Dlum, & Rosenbluit, 1955), and the first full-
scade treatments appeared shortly thereafter (Gib-
soi, 195%, 19605, After this point, although muach
of the rest of Ciibson's theory changsd, his dis
cusslon of mvarians generally did not. He stuck
Ealrly chosely to the idea from mathemation (see,
for example, Gibson, 1979, po 310% The guestion
ia, howmewer, what assumptions are made when the
term dnvarianee 18 used in perception?

Assumption | Mathematics Is an Appropriaie
Diescriptive Language lor Perception
One assumption made by Chibson and by a
myried of students of perception since Herbart is

* As suggested in Footmote 1, the terms frvariasce am
covustavcy ang closely relaed. The iea of cossiancies was
introduced into psychology by the Gestalt pevehologsts
A chus 1 0 some serse i newer canstrual of invaranoe,
Bat, of courss, the discussbon of (B relalions among
daxial siimsali, proximal stmmali. asd percepes (although
these berms are due o Kofka) is a5 old = the discussion
of percepdion [see Epsiein, 19771 [ will nod discuss pon-
stancees por =2, in part becauss thew discussion is nod
predicated om masthe matics.
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that the best descriptors of perception are those
taken from mathematics. This assumption tran-
scends goals of elegance, formalism, and precision,
and seems to have as its basis two ideas: First, the
spatial layout of our perceptual world is best de-
scribed in some form of mathematics (typically
Euclidean geometry or projective geometry);* sec-
ond, the human mind is attuned to that descrip-
tion, since it is attuned to the layout.

With regard to the mathematics of space and
its role in scientific thought, much discussion
stems from Helmholtz (1857/1962, Vol. 3), Kant
(1770/1929), and early 19th century-natural phi-
losophy (see Kline, 1959, 1980). Helmholtz, for
example, suggested that Euclidean space is famil-
iar and comprehensible to us—and that the spaces
of Lobatchevsky, Riemann, and others are un-
familiar and difficult to imagine—because our ex-
perience is so incontrovertibly Euclidean. If we
lived in a different universe, or even in a different
local environment, Helmholtz suggested that we
might have developed non-Euclidean geometries
before Euclidean, and we might perceive in a non-
Euclidean manner.* The Euclidean space that we
live in is three dimensional and not of higher di-
mensionality (Shepard; 1981), and historically the
central problem for space perception is how three
dimensions are perceived by a retinally based sys-
tem with only two dimensions. This problem has
been thought to be resolved, in part, through ap-
peal to projective geometry (Johansson, von Hof-
sten, & Jansson, 1980) and motion.

With regard to the intersection of mathematics
and the structure of the mind, the central idea is
at least as old as Galileo’s mathesis universalis.
This Renaissance idea seems very modern and is
echoed by Pylyshyn (1972). We, as scientists, be-
lieve that

the secrets of the universe (both physical and psycho-
logical) are, as Galileo said, “written in the language
of mathematics.” But this must not be misunderstood
to mean that it is only accessible to a mathematician.
Even less does it mean that everything of importance
can be measured and subjected to calculation. It
means that those aspects of the universe that are ul-
timately comprehensible to the human mind are com-
prehensible because one can see in them a structure
that is essentially mathematical. (pp. 547-548)

Whereas Pylyshyn was more concerned with the
relation of linguistic formalisms to language, his
statement applies equally well to the relation of
perceptual theory to perception. In essence, many
of us believe that the secrets of the perception of
layout and of the perception of objects and events
are partly understood through the mathematics of
how these things are arrayed before us and how
they change when we or they move. ;
Together, then, these twin ideas—(a) the struc-
ture of the world as mathematical and (b) that
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structure being comprehensible because of its
mathematical nature—form one assumptive basis
for realism as an epistemological position. It is the
promise of tractability in mathematical descrip-
tion of the optic array that makes realism tenable
for many of us and that promotes the study of
ecological optics. To say that mathematics is an
appropriate descriptive system for perception is,
however, a global statement. It makes no particular
commitment to the type of mathematics that may
be relevant to perception. Thus, I know few psy-
chologists who would overtly disagree with this
assumption; it is very weak. Mathematics is so
varied that it is difficult to believe, a priori, that
this assumption could be false.

Assumption 2: Mathematical Truths Are
Transportable into Perception
Without Change of Meaning

It is one thing to say that the world and our
perception of it are essentially mathematical. It is
quite another to say that the tools of a particular
branch of mathematics can be safely transported
out of a rigorous and tightly circumscribed do-
main into an entirely different, less rigorous, and
comparatively disordered domain like visual per-
ception. Cassirer (1938/1944) noted this when
discussing group theory and perception: 4

The precision of mathematical concepts rests upon
their being confined to a definite sphere. They cannot,
without logical prejudice, be extended beyond that
sphere into other domains. (p. 11)

In other words, Cassirer warned us that impor-
tation of mathematical ideas into the realm of
perception can be a problematic course of action.

% The etymology of the term geometry is, of course,
‘“‘earth measure,” reinforcing the tenure of the connec-
tion between the perception of physical space and its
measurement,

4 Helmholtz was somewhat more careful than this, but
this general attribution to Helmholtz is commonly found
(see, for example, Boring, 1950, p. 315). Helmholtz was
careful to distinguish between physical geometry of the
real world and pure geometry as a mathematical disci-
pline. Euclidean geometry, of course, is part of the latter.
One reason for this distinction was Berkeley’s dismissal
of “natural geometry” as an alliance of physically ap-
parent space and Euclidean axioms (see Epstein, 1977,
pp. 12-13). Helmholtz recognized the predicament of
the mathematics of space and their relation to percep-
tion: There were many maths but one world. Kline
(1959, 1980), among others, attributed the fall of math-
ematics from its epistemologically central role in the
natural sciences in the 19th century to the fact that
mathematics could offer up many more geometries than
were physically apparent, It is this issue, and the Kantian
idea that “all properties of space are borrowed only from
external relations through experience” (Kant, 1770/
1929, Section 15D), that Helmholtz was concerned with.
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The structure of a8 panicular branch of mathe-
matics may bear no resemblance 10 the stirecture
of perception and, more particalarly, the problems
af a particalar branch of mathematics may bear
na resemblance o those of perception, The me-
pEl;E.l.i{m % d‘lﬂlirﬂ.ﬂ}' aspct of mathematics and
percepdion are nonisomorphic when dealing with
a particular probéeoy, then the apglication of that
aspect of mathematics 10 Usat perceplual problem
will be misleading.

Cassirer { 19381944, p. 19, however, went for-
ther ard made the sirong claim that the principlea
of invarianee and groups are the bagis of both per-
ceplion and geometric thoughi. Cthers hve mads
similar claims (sce, for example. Piaget, 1970
According to Cassirer, one can, through the in-
sirumentality of these concepis, bring mathemat-
ical and paychologieal thought togsther under a
common dendminator This claim may be true,
Tt it i anly parly empencal, 1 think we do nol
yei know enough aboul the widity of invarianis
in perception 10 make an informed jodgeenl
about this.

‘What should be clear is that Assumption 2 is
A sironger and more particular version of As-
sumption |: A specific kind of mathematics is
nsked to work for a specific problem in percep-
tion==that of how we perceive constancies in the
workd. Thus, we muesi psses whether the fesm in-
wariancy means the same thing i mathemalics as
it has come Lo mean in perceplion. To do this, we
need more background on (he erm’s use in math-
cmatics.

Dugression on Invarianee, Tresformations, and
Groups dn Matherna!ies

Frvarionee i5 8 term born of mid- 19t centery
mathematical thought. The term was first wsed,
according 1o Bell (1945), by Boole in 1841 and
Cayley in 1845 in alkgehra; i1 was frst used, -
cording 1o Bbein (P98 1939, by Sylvester in 1R50
in the same fiebd. As the use of the term develaped
and spread. invariasce carme Lo mean “anything
which is left unaliered by a coordimate transfor-
mation” (Thomas, 1944, p. 7o Later in the 19th
century, with the work of Lie and Elein, the words
imwvarianee and (rangforeeeiion became inter-
logked.

Paychologists have heard maost about the early
higtory of invariance in the context of Klein's
“Erlanger Programm’™ of 1872 {Michoels & Car-
ello. 198 1; Piaged. 1970: Shaw, Melntyre, & Moss,
1'¥74), This program set abowt to codify the var-
ious types of geometries by the different types of
invariance they maintained under different trans-
formations {Bell, 1943) Michaels and Carello
(1981, pp. 30-36; see also Shaw & Pittenger, 1977,
pp. 114-116} presented a clear dscussion of the
relationghip of Euclidean space {(which has dis-
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tance invariant), o similarty space (which has
invariant ratios of similitede—objects can be ex-
panded or contracted without loss of shape), o
affine space (which has invariant ratios of divi-
sion=strains of shears of one axis with another
preserve collinearities and proporiionalities), to
prajective space (which preserves cross ratios of
four collincar podnts). Euclidean space has in-
varfants under translation. picturc-plame rota-
tions, and reflections; similarity space hos invari=
ants under expansion and contraction; affine space
has invariants under streiching or compression of
& single axis or rotations of one axis against the
other (a5 in paralle]l projectiond; amd projective
space has invarianis onder rotations oul of the
picture plane (a5 in polar projecion), Khens pre-
grvm defined a peametry as a system of definitions
ard theorems thatl remain invaripnt under a given
group of tranaformalions,

If invarianis are those things in & geometry that
are unaliered by coordinate change, we noed to
ko wore about thess transformations. and how
they form a group, The key concepl bens i3 graup
in s mathematicnd, bt nol commonsensical,
meaning. There are fbur posmlates of a growp
(Bell, 1945, pp, 215=216; %¢ also Stevens, 1951,
o 18

1. g IF g and b are members of o set of
operatons (transformations) then % & also a
member of the set. In other words, the group is
cloged, (¢ denotes combination. )

2. dsgncigtion: For any ihree operations,
la*bre = a*tbfc). In other words, pairwiss order
of combination of & string of operations i irred-
EVATL.

3. Idenrity: There B an operation | sach that
g o= g = g In other words, the groop includes
a null operation.

4, Ryversion; There i an operation a° sech thal
a%g = i, In other words, the exisience of one op-
eration implees it reverse as another member of
the group.

Mow consider what one can do with a block of
word on 3 desk. One can push it 1o the nght
(Operation @) and push it backwards the ame
extent (Operation &), One can also push it disg-
omilly &t 45 until i Anally rests o the seme place,
@, IF Operation ¢ 8 lwraing tse block over, one
can move e bock diagomally and then tum it
over, (a®h'e, or ong can move it to the right, then
move it back an equal amoun while twrning it
over, a0} And of course, one can do nothing,
4, and do the opposite of 2, b and o In addition,
if the operations are also commutative (a Afth pos-
tulate], a%h = Mg, then the group is Abelian; the
growp of eperations Heled above iz wich a proup.
In Euclidean space, a rigsd object like our block
of wood can be moved arcund without changing
its shape. All possible motions {or fransforma-
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thong) of this object form a conlinuous group—
the “group of displacements’™ (Plaget, 1970, p.
2y—that is infinitsly dense in potential opera-
tions alomg its warious dimensions. Helmholiz
tried to usz this iden in an account of the percep-
tion of objects in space, and Cossirer (| 938,1544)
developed it in an aftempd (o coordinate percep-
tion and geometry, 11 @5 this coordination, if pos-
mble, that legitimizes the imporiation of the terms
invarianee, frangaration, and gropp inte pers
ception without changing their mathematical
LR T

Assumption 3: Mathematical [mports
Are Useful in Explaining Perception

It is one thing to import a term sweecesmfully
fram a different discipline, bt is yet another (o
maks it work for you, As an enirés in this dis-
cussion, consider again Klein's program and s
efficacy in the Bate |9th and eardy 20th centuries
within mathematics, Busically two things hap-
pened: The prograrm wlibmately [ibed, and where
some of s kless were peneralized, the resulis
seemed irivial (Bedl, 1943, pp. 443-448). With
regard to the firet point. many new poornestries
were developed that did not fit the program. In
particular, the concept of space developed such
thiat its intrinsie structure might be, but generally
could not be, defined in terms of transformation
groups. Bul more relevant to our thind assumpdion
14 thie matter of irvialceation in the applicatiom of
groups, invartance, and tramformation. The Er-
langer Programen flourished for a few decades, and
itg ideas were applied 10 mearly evervibing lmsg.
inable. This brought problems, as Ball {1945)
noted:

The success of the Erlanger Programm wns also partly
respomsible for aoather tendeseoy that did mathematics
no partscalar pood. When it was shown thal a centain
theory anliched the postibates of & groop, il seems 1o
s bt assumied as a meEieer al course thal e The-
ary wis therehy sgrifcantly sdvamoed, To cale & Erivesd
insgance, when il s gravely annoanced thal sl of the
raticanad in begers form a group with respect te sddivion,
comenos sense will nog sand open mouthed in dumb
admiration, but will demand, “What al it?” (p. 4461

Like the application of groups to retional integers,
any parficular application of invariance, transfor-
mations, and groups to perception sy be trivial
To say that everything one can do to a block of
wond that refains its invariant character satisfies
the postalates of an Abelian group does not appear
to clucidate a theory of the perception af the block
of & theory of action with that block; it simply
states the obvious in an obfuscaling manier, More
generally, even if Cassirer's {19358/1944) assump-
ticm of invariance, transformations, and groups as
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common denominators for perception and ge-
ameiry e troe, iU S ool necessarily imporiand
Eor perception. nor is the aquation of the conoept
of symmetry with invariance (Weyl, 1952), Both
concepts simply state that object identity is pre-
served, [t should be evident that perception 15 rale
governed and yields comstancies, @mnce it works
Bawiessty most of the tme, We don’t need group
theory 1o know this.

Consider o case in which thess concepls do nod
particularty help. A the heart of group theory 15
the null transformation, & When appleed 1o per-
ception, all possible obpecls and events are in-
variant (or symmetcical) under the mull iransfor-
meation. Bul this iruth docs not seem imsformative
wilh regard to discovering the sawure of low we
porceive: To say that objects and events are in-
variant under the mull transformation scems as
WHCWOUS 45 il 15 pedantic. OUpe might try 1o remoye
the null transformation from the group—in es
sence, stnling thol we perceive invarumnis os re-
vepled under all mon-null transformatoens—but
then »e no longer have o group; The identity and
reversion postulates hiave been violaled, Moreover,
it 15 nol simply the null transformation that is
problematic,. The nell transfoemation is com-
pletely surroumdsd by infinitssimal Lransfrma-
tions that are alse lkely to be useless 1o percep-
tiom, [ will redurn 1o this when discussing Assump-
tiom 4.

What is imponam here, [ believe, is that once
the notion of invarianis under coordinaie trams-
formations s applisd 10 perception, it is an em-
parica] matter a5 to whether it will be useful to
perceptual theory. The link begins esa codification
that may be arculardy rooted in geometry and
perceplion (Cassirer, 19381 %44), bul unless onc
can spocfly that some invasriants are used in per-
ceplion and some are not, of that some ransfor-
mations preserve functional invariants for percep-
tion and some do not, the use of the concepts of
group, fransformation, and invariance in percep-
tion may be litke more then whistling in the
breeze, In other words, | doubd that percepiunl
theory will be sdvanced withont s partial decog-
plimg of percepdson from these mathematical ideas,

Dgression o the Overgeneraiization of the
Concerd of fnvariants in Percepdion

In group theory the members of the group are
transformations, all related by the postulates given
eartier. Thee translormations are operators, and
whai they operate on is keft unchanged afer the
operation, which can always be thoaght of a3 a
change in coordinates. What is important bere is
that there are two species of mathematical entities!
invarianis and transformations. Recenily, Shaw
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and Piiterger (1977, e ol Michacls & Carello,
1981} have called these two varieties of the same
species, that is invarianis, Shaw and Pittenger
(197, pe 113, for example, spoke of transfor-
mations of symmetry operations as being irans-
Soernational invariants, and what they operate on
05 being symmetries or striciural favarianis In
varsus places, 1 have parsed event structure in
ementially this same way (Cuttiog, 1951, [952;
Cutting & Proffe, 1981). However, 1 mow think
that the lerm fremrmational marion and its
cogmales are mislessding; perhaps they are even
oxyrmisrona. My reasoms for this center on the idea
that i we can make the term imvariany wseful 1o
paychology, we oaght 1o try to do it without chang-
ing its mathematical mesning.

Invananis are invariants because they survive
Lranﬂhm}::innt unchanged. But iransfiormations
are nol invarianl simply becauss they are un-
changed by the entities that they operate on or are
unchanged by other tramsformations, In other
words, there is an asymmetry between invarianis
and tramsformations: Transfofmations ogerate on
bath invarianis and varianis and are themsdves
changsd by peither; invarianis are operated on by
transformations and are unchangad, whereas vari-
anls nre operated on by those transformations and
are changedl. It does not s=m in the nare of
transformatians foF them to be variant or invari-
anl in any mathematical wsnse; they simply are
what they are—operations. Another way 1o ook
al this. provisionally accepting the applcation of
the term fasemanr 1o an operatos, & o swgpest that
the term sronsformational invarianr is uninfiore-
mitive becae there appesre to be no such thing,
muthematically speaking, a5 a transformational
varinnt, Ohgects, for example, do not operate on
translormations such that they could change them.
Pushing a block to the left will not besome pushing
it i the right or turning it over due o the character
of the block.*

The tendency toward overgeneralization of the
term invarians is also cccasionally found in Gib-
son. For example, Gibson (1972, p. 221) nated
that “A greal many propertics of the array are
tawficlly of regdariy variant with changing obser-
vation poinl and this means that in eoch case a
property defined by the low s imeriae” Ulman
(1980, p. 378 criticized this position as being too
vague and broad to ke helpdul in an analysis of
perception, and [ agree with Uliman, If we are to
maike the term invariancs wseful to perception, we
must guard sgainst its overgescealization.

Assumption 4: Perceptual Invarianis Are
Absolute, as in Mathematics
When discussing the third asumption, 1 poinied
out that the nall transformation was nol pevcho-
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bogically useful. This transformation, however, is
nod 8 special case: il 1% dmply the center of a region
of trapsformations in a continwous group that are
so small as 1o be undeteciable by a perceiver, In
ather words, there are kel 1o be an infinite num.
ber of transformations of an object in three-di-
mensional Euclidean space that are wo small o
revenl any invariands that are not revealed under
the nudl transformation. This point was made im-
plicitly by Luching and Luchins (1964), and ex-
plicily by Hochberg (1981a, pp. 276-277; 1982},
but it was macke earlier by Cossirer (1938/1944)
i a siEpement that weakens his argement on the
parallel betassn geometry and perception:

[t goes withowl saying thad this annlogy between the
farmestion of imvariants in perception and in gecmetry
isghl nod i make vs averiook the thoroughgoing difs
lieremaes which arc very imponant ffom the episte-
mrrlogleal point of view. These differences moy be
churscorized by an eupression which Mato used 1o
define the oppositon of perceplion 0 thaught. Al
merceptins |5 confined w0 “more or lex” | . Only
approximalive, Bol sbsolul: delerminalions ars ak-
ininuhle in pereeption. Thas realization is never ideally
complete, but alweys remsing within ceram lmmits
The fixativn of thess limies constitoies oas of the mos)
important tnsks of psychological rescanch.  Bevond
;mfa;im there is no furber “sransformation”™
a]

Wihat Hiochberg and Cassirer have said is that there
are some Wransformations that simply are ot pey-
chologically relevant; they are too small, Any in-
variant mot reviealed under the null transformation
is nof revealed by these transformations either,
Thus, there 15 & nonisotnorphism between group
theory and perception: In mathematics, all trans-
formations reveal invariants, whereas in perceps
tion it may ofien be the cass that oaly those trans.
lormations that are sufficiently large reveal in-
variands, Without acknowledgment of threshold
considerations, a theary of perception based on
invarianis is dmply 4 shmulus theory without nec-
essary relevance (o the organasm {Epstein & Park,
15964; Freeman, 1965, [966),

This is much more than a quibble. One must
n gssume that we are simply dealing with mecs
exsarily minute chonges in optical Qux. Theeskokl
determination for perceptual invariants i an em-

" Thils yitinctry i8 b0 be comimsted with sirociarel
invariams and gnectural variants, sinoe bodh can exist.
Thus, the tere structiral favanianl seems betler than
Iransfnmational invacian, althiggh withoat the benefit
of i paired member, 4 may ke redundand. The ferm's
uss (562, £4., Shaw & Pifteages, 1977} seems not far
remnowid from the meaming of srucrure nwerlmee &
used in measarement theary (Lote & Krumbans], in
press, Plasegl, 1968),
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pirical question, and some thresholds may be so
high as to render questionable any use of them at
all. Consider two examples: One of the invariants
of layout is the density gradient (Gibson, 1950, p.
138) in which optically random arrangements of
objects increase in density with distance. Through
experimentation, however, we now know that the
human eye is not very sensitive to density gra-
dients per se as yielding perception of layout in
depth (Braunstein, 1976; Marr, 1982), despite the
fact that it is difficult to imagine any aspect of our
environment that is more ecologically prevalent.
What the eye is sensitive to is size-shape invari-
ants. A second example, an invariant revealed
through motion, is the center of the optical flow
pattern (Gibson, 1950, p. 1271f; 1966). This point
is said to tell an observer where he or she is going.
Yet again through experimentation we know that
the flow of a surface toward which an observer is
moving orthogonally does not reveal such a point
to the human observer to greater accuracy than
about 10° of visual angle (Johnston, White, &
Cumming, 1973; Llewellyn, 1971; Regan & Bev-
erley, 1982; Cutting, Note 1). Again, it is difficult
to imagine many aspects of our environment that
are much more pervasive: The surfaces of walls
and buildings are all around us as we move be-
tween them, It would seem, then, that a density
gradient and the center of optic flow are two in-
variants for which the “more or less” of our per-
ception is a necessary concern.

Summary

I have tried to explicate four assumptions that
I think underlie the application of the term in-
variance to perception. I make no claim that these
exhaust the assumptions, and I emphasize that
they are not independent. Moreover, they focus
only on the idea of invariance as imported from
mathematics—whether it has survived importa-
tion into psychology, whether immigration au-
thorities have forced it to change its meaning, and
whether it is a useful citizen.

I believe the first assumption to be valid, per-
haps only because it is almost completely nonre-
strictive: Mathematics is an appropriate descrip-
tive language for perception, if only because its
formalisms can take on a nearly infinite variety
of forms.

I believe that the second and third assumptions
can be valid if one is careful. Certain mathematical
truths (such as invariance under transformation)
are transportable into perception without loss of
meaning and they can be useful to us. If these
assumptions are to remain valid, psychologists
must guard against contamination of the trans-
planted idea. Careful specification of invariants
can help retain the vigor of the term, and wariness
about overgeneralizations of the term will keep it
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from speciating beyond recognition. The term in-
variance may take hold and grow in perception,
and the term transformation may as well, but these
terms do not guarantee that the term group will
be useful just because it belongs to the same alien
family. Group theory, I believe, is not easily ap-
plied to perception as more than an empty for-
malism.

I believe the fourth assumption to be false: Be-
cause of the “‘more or less” of perception, percep-
tual invariants cannot be absolute. This fact forces
us to realize that complete parallels between ge-
ometry and perception are unattainable and that
invariance may not always be able to do the yeo-

“manly work in perception that many of us might
‘want. At best, invariants appear to work for us as

perceivers and work for us as psychologists only
some of the time. The determination of how well
they work for perceivers and psychologists is an
empirical question that is not helped by philo-
sophical speculation and pronouncement.

Reference Note

1. Cutting, J. E. Motion parallax and visual flow: How
to determine direction of locomotion. Paper presented
at the fourth meeting of the International Society of
Ecological Psychology, Hartford, Conn., October
1982,
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